


798 PRADO

Fig. 1 Standard swing-by maneuver.

Standard Swing-By Maneuver
The standard swing-by maneuver consists of using a close en-

counter with a celestial body to change the velocity, energy, and
angular momentum of a smaller body (an orbit of a comet or a
spacecraft). This maneuver can be identi� ed by three independent
parameters: 1) Vinf¡ , the magnitude of the velocity of the spacecraft
when approaching the celestial body, or Vp , the magnitude of the
velocityof the spacecraftat periapsis (these quantitiesare relatedby
a single equation, which means that if one of them is speci� ed, the
other can be obtained); 2) r p , the distance between the spacecraft
and the celestial body during the closest approach; and 3) w , the
angle of approach(angle between the periapsis line and the line that
connects the two primaries). Figure 1 shows the sequence for this
maneuver.

It is assumed that the system has three bodies: a primary (M1)
and a secondary (M2) body with � nite mass that are in circular
orbit around their common center of mass and a third body with
negligible mass (the spacecraft) that has its motion governed by
the two other bodies. The spacecraft goes from point A to point
B. Points A and B are chosen in such a way that the in� uence
of M2 at those points can be neglected and, consequently, the en-
ergy is constant after B and before A (the system spacecraft– M1

follows two-body celestial mechanics). The result of this maneu-
ver is a change in velocity, energy, and angular momentum in
the Keplerian orbit of the spacecraft with respect to M1. Using
the patched conic approximation, the equations that quantify those
changes are available in the literature.1 The most important equa-
tions are
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In these equations, d is half of the total de� ection of the trajec-
tory of the spacecraft (see Fig. 1), V2 is the linear velocity of M2

in its motion around the center of mass of the system M1¡M2 , x
is the angular velocity of the M1¡M2 system, C is the angu-
lar momentum of the spacecraft’s orbit, and l 2 is the gravita-
tional parameter of M2. Examining these equations, it is possi-
ble to get the fundamental well-known results as follows. 1) The
variation in energy D E is equal to the variation in angular mo-
mentum D C [Eq. (3)] because the angular velocity x is unity in
the reference system used. 2) If the � yby is in front of the sec-
ondary body, there is a loss of energy, and this loss has a maxi-
mum at w D 90 deg. 3) If the � yby is behind the secondary body,
there is a gain of energy, and this gain has a maximum at w D
270 deg.

There are many studies of the standard swing-by maneuver in
different missions. Some examples are the study of missions to the
satellitesof the giant planets,4 new missions to Neptune5 and Pluto,6

and the study of the Earth’s environment.7,8

Elliptic Restricted Problem
For the researchperformed, the equationsofmotion for the space-

craft are assumed to be given by the well-known planar restricted
elliptic three-body problem. The standard dimensionless canonical
system of units is used: the unit of distance is the semimajor axis of
the orbit of M1 and M2 with respect to each other; the mean angular
velocity x of the motion of M1 and M2 is assumed to be unity; the
mass of the smaller primary (M2) is given by l D m2/ (m1 C m2),
where m1 and m2 are the real masses of M1 and M2, respectively,
and the mass of M1 is (1 ¡ l ); the unit of time is de� ned such that
the period of the motion of the two primaries is 2 p ; and the gravita-
tional constant of the M1¡M2 system [the product of the universal
constant of gravitation G D 6.67 £ 10¡11 m3/(kg ¢ s2 ) and the total
mass of the system] is unity.

There are several systems of reference that can be used to de-
scribe the elliptic restricted three-body problem.9,10 In this section,
the � xed (inertial) and the rotating-pulsatingsystems are described.
Figure 2 shows these systems in detail.

In the � xed system, the origin is located in the center of mass
of the two heavy masses M1 and M2 . The horizontal axis Nx is
the line connecting M1 and M2 (at the initial time), and the ver-
tical axis Ny is perpendicular to Nx . In this system, M1 and M2

follow elliptic trajectories given by the equations Nx1 D ¡ l r cos m ,
Ny1 D ¡ l r sin m , Nx2 D (1 ¡ l )r cos m , and Ny2 D (1 ¡ l )r sin m , where
r is the distance between the two primaries, given by the expres-
sion r D (1 ¡ e2)/ (1 C e cos m ), and m is the true anomaly of M2.
In this system, the equations of motion of the massless particle
are

RNx D
¡(1 ¡ l )( Nx ¡ Nx1)
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where the double overdots are the second derivative with respect to
time and r1 and r2 are the distances between the spacecraft and M1

and M2 , respectively, given by the expressions

r 2
1 D ( Nx ¡ Nx1)2 C ( Ny ¡ Ny1)2 r 2

2 D ( Nx ¡ Nx2)
2 C ( Ny ¡ Ny2)

2

In the rotating-pulsatingsystem of reference, the origin is again
the center of mass of the two massive primaries. The horizontal
axis x is the line that connects the two primaries all of the time. It
rotates with a variable angular velocity to follow the trajectory of
M1 and M2 in such a way that the two massive primaries are al-
ways on this axis. The vertical axis y rotates with the same angular
velocity to stay perpendicular to the x axis. Besides the rotation,
the system also pulsates in such a way to keep the massive pri-
maries in � xed positions. To achieve this situation, it is necessary
to multiply the unit of distances by the instantaneous value of the
distancebetween the two primaries (r ). In this system, the positions
of the primaries are x1 D ¡ l , x2 D 1 ¡ l , and y1 D y2 D 0.
In this way, the unit of distance is not � xed in time, but it changes
as the distance between the primaries modi� es. In this system of

Fig. 2 Fixed and rotating-pulsating reference systems.
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reference, the equations of motion for the massless particle are

x 00 ¡ 2y 0D(r/ p) x¡(1 ¡ l ) (x ¡ x1) r 3
1 ¡ l (x ¡ x2) r 3

2

(6)

y00 C 2x 0 D (r/ p) y ¡ (1 ¡ l ) y r 3
1 ¡ l y r 3

2 (7)

(Ref. 9), and there is also an equation to relate time and the true
anomaly of the primaries, given by

t 0 D r 2/ p
1
2 (8)

where the prime represents a derivative with respect to the true
anomaly of the primaries and p[Da(1¡ e2)] is the semilatus rectum
of the ellipse.

The equations that relate one system to another are

Nx D r x cos m ¡ ry sin m (9)

Ny D rx sin m C ry cos m (10)

x D
Nx cos m C Ny sin m

r
(11)

y D
Ny cos m ¡ Nx sin m

r
(12)

for the positions and
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for the velocities.

Algorithm to Solve the Problem
A numerical algorithm to solve the problem has the following

steps.
1) Arbitrary values for the three parameters r p , Vp , and w are

given.
2) With these values, the initial conditions in the � xed system are

computed. The initial position is the point (X i , Yi ) and the initial
velocity is (VX i , VY i ), where

X i D (1 ¡ l )r cos( m ) C r p cos( w C m ) (17)

Yi D (1 ¡ l )r sin( m ) C r p sin( w C m ) (18)

VXi D Vr cos( m ) ¡ Vt sin( m ) ¡ Vp sin( w C m ) (19)

VY i D Vr sin( m ) C Vt cos( m ) C Vp cos( w C m ) (20)

where Vr and Vt are the radial and transverse components of the
velocity of the secondary body with respect to an inertial frame.
They are calculated by

Vr D (1 ¡ l )e sin m
p

1 ¡ e2
(21)

Vt D (1 ¡ l )(1 C e cos m )
p

1 ¡ e2
(22)

3) With these initial conditions, the equations of motion are in-
tegrated forward in time until the distance between M2 and the
spacecraft is larger than a speci� ed limit d . At this point, the nu-
merical integration is stopped and the energy EC and the angular
momentum CC after the encounter are calculated.

4) Then the particle is reset to its initial conditions at the point P ,
and the equations of motion are integrated backward in time until
the distance d is reachedagain. Then the energy E¡ and the angular
momentum C¡ before the encounter are calculated.

For all of the simulations shown, a fourth-order Runge–Kutta
method with stepsize control was used for numerical integration.
The criterion to stop the numerical integration is the distance be-
tween the spacecraft and M2 . When this distance reaches the value
d D 0.5 (half of the semimajor axis of the two primaries), the nu-
merical integration is stopped. The value 0.5 is a lot larger than the
sphere of in� uenceof M2 , that is, 0.00077,which avoids any impor-
tant effectsof M2 at thesepoints.Simulationsusing larger values for
thisdistancewere performed,and the integrationtime was increased
but the resultswere not signi� cantlychanged.To study the effectsof
numerical accuracy, severalcases were simulatedusing different in-
tegration methods and/or different values for the accuracy required
with no effects in the results.All of the calculationswere performed
with an IBM-PC computer (Pentium 100 MHz) using the Microsoft
Fortran power station compiler.

With this algorithmavailable, the given initial conditions (values
for r p , Vp , and w ) are varied in any desired range, and the effects
of the close approach in the orbit of the spacecraft are studied.

Results
The resultsconsistof plots that show the change of the orbit of the

spacecraft due to the close encounterwith M2. First, it is necessary
to classifyall of the close encountersbetween M2 and the spacecraft,
according to the change obtained in the orbit of the spacecraft.The
16 letters A–P are used for this classi� cation. They are assigned to
the orbits according to the rules shown in Table 1.

After de� ning the meaning of the letters, the results consist of
assigning one of those letters to a position in a two-dimensional
diagramthat has the parameter w (in degrees) on the horizontalaxis
and the parameter Vp (in canonical units) on the vertical axis. This
type of diagram is called a letter plot, and it was used in Ref. 1. In
the present paper, 12 combinations of eccentricity and m are shown
in Figs. 3–5. For all of these plots, the following parameters are
used: l D 0.0121, d D 0.5, and r p D 0.00495 canonical units. For
each plot, a total of 961 trajectories were generated, dividing each
axis into 31 segments. The interval plotted for w is 180 < w <
360 deg because there is a symmetry with respect to the vertical line
w D 180 deg. The plot for the interval 0 < w < 180 deg is a mirror
image of the region 180 < w < 360 deg with the following letter
substitutions:L becomes O, N becomes H, I becomes C, B becomes
E, M becomesD, andJ becomesG. K, P, F, and A remainunchanged.

By examining Figs. 3–5, it is possible to identify the following
families of orbits. 1) Orbits that result in an escape (transfer from
elliptic to hyperbolic) are represented by the letters I, J, M, and N
and appear in an inclined stripe close to the center of the plots. 2)
Orbits that result in a capture (transfer from hyperbolic to elliptic)
are represented by the letters C, D, G, and H and occur only for
e D 0.4 and m D 270 deg in the plots shown. They are located in
the upper-left-handpart of the plots. 3) Elliptic orbits (transfer from
elliptic to elliptic) are represented by the letters A, B, E, and F and
are at the bottom left of the plots. 4) Hyperbolicorbits (transfer from
hyperbolic to hyperbolic) are representedby the letters K, L, O, and

Table 1 Rules to assign letters to orbits

After

Direct Retrograde Direct Retrograde
Before ellipse ellipse hyperbola hyperbola

Direct ellipse A E I M
Retrograde ellipse B F J N
Direct hyperbola C G K O
Retrograde hyperbola D H L P
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e = 0.0 and º = 0 deg e = 0.4 and º = 0 deg

e = 0.2 and º = 0 deg e = 0.8 and º = 0 deg

Fig. 3 Effects of the eccentricity of the primaries.

e = 0.4 and º = 0 deg e = 0.4 and º = 180 deg

e = 0.4 and º = 90 deg e = 0.4 and º = 270 deg

Fig. 4 Effects of the true anomaly of the primaries.

º = 0 deg º = 180 deg

º = 90 deg º = 270 deg

Fig. 5 Results for the Earth–moon system.

P and are at the upper right of the plots. 5) Orbits that change the
direction of motion from direct to retrogradeare representedby the
letters E, M, G, and O and appear in an inclined stripe in the upper
center of the part of the plots that is not shown (0 < w < 180 deg).
6) Orbits that change the direction of motion from retrograde to
direct are represented by the letters B, D, J, and L and appear in an
inclined stripe in the upper center of the plots. 7) Retrograde orbits
are representedby the letters F, H, N, and P and appear in the upper
left of the plots. 8) Direct orbits are representedby the letters A, C,
I, and K and appear in the bottomright of the plots. Of course, there
are the mirror images for the interval 0 < w < 180 deg for all of
the plots, with the substitutionsgiven earlier.

The borderlines between those families are also interesting fam-
ilies of orbits. The borders that separate elliptic from hyperbolic
orbits are made by parabolic orbits. Examples of borders that have
parabolic orbits after the close approach are A–I, B–J, F–N, and
H–P. Examples of borders that have parabolic orbits before the
close approach are I–K, J–L, N–P, N–L, and F–H. The borders
that separatedirect from retrogradeorbits representorbits with zero
angular momentum. In this case, position and velocity are paral-
lel (rectilinear orbits). Examples of borders that have zero angular
momentum after the close approach are F–B, N–J, and L–P. Exam-
ples of borders that have zero angular momentum before the close
approach are K–L, I–J, and A–B. It is easy to see those families.
In a general way, a typical plot can be divided into three regions
with respect to the energy (elliptic to elliptic, elliptic to hyperbolic,
hyperbolic to hyperbolic) and three regionswith respect to the angu-
lar momentum (retrograde to retrograde,direct to retrograde,direct
to direct). The � nal format is a result of the intersections of these
regions.

Trends as Parameters Vary
The restrictedelliptic three-bodyproblem has very few analytical

results available in the literature. One of the best alternatives to
improve the knowledge of this problem is to combine numerical
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simulations with the analytical results that come from the patched-
conic approximation. In this section, these tools are used to study
the trends as parameters vary in the close-approachmaneuver.

The parameters that govern the system under study are the ec-
centricity of the primaries (e), the true anomaly of M2 in its orbit
around M1( m ), the angle of approach of the swing-by ( w ), the peri-
apsis distance r p , and the velocity at periapsis Vp .

Effects of the Eccentricity of the Primaries
Figure 3 shows the effect of the eccentricity for a � xed true

anomaly ( m D 0 deg). The values used for the eccentricity are 0.0,
0.2, 0.4, and 0.8. Many important points are visible. Captures occur
only in the part not shown (0 < w < 180 deg). Escapes occur in all
cases, but the occurrence of case I increases with the eccentricity
up to the point of dominating exclusively for e D 0.8. Transfers be-
tween hyperbolicorbitsoccur in all cases, but the occurrenceof case
K increaseswith the eccentricityup to the point that P is eliminated
when e D 0.4 and L is eliminatedwhen e D 0.8. Transfers between
elliptic orbits also occur in all cases, but the occurrence of case A
increases with the eccentricityup to the point that B and F are both
eliminated when e D 0.8. The increase of the eccentricity of the
primaries (keeping the other parameters� xed) causes an increaseof
the velocity of M2(V2) at the periapsis of its orbit around M1. This
fact comes from the equation of energy for a system of two bodies:
velocity at periapsis (because m D 0 deg) is

V2 D G(m1 C m2)
2

a(1 ¡ e)
¡ 1

a

By examining Eq. (3), it is easy to see that the variation in energy
D E is proportionalto V2 . Therefore, the generaleffect of increasing
the eccentricity of the primaries is to increase D E when m D 0 deg
(and to decrease D E when m D 180 deg).

Effects of the True Anomaly of M2(º)
Figure 4 shows the effect of the true anomaly for a � xed ec-

centricity (e D 0.4). The values used for the true anomaly are 0,
90, 180, and 270 deg. Some of the important points (in the region
180 < w < 360 deg) are as follows. Captures occur only for
m D 270 deg; escapes occur in all cases but in a reduced quantity
when m D 180 deg; and the distribution among all of the letters
changes considerably.Thus, the main in� uence of this parameter is
to change the velocity V2 . V2 increases when M2 moves to the peri-
apsis, and it causes an increase in the effects of the swing-by. It is
easy to see that the area of escapes/capturesdecreasesand increases
accordingly.

Effects of the Angle of Approach Ã
The behavior of the angle of approach follows very closely the

prediction of the patched-conic approximation. The maximum ef-
fect in the maneuver occurs close to w D 270 deg (and w D 90 deg,
in consequence). The most interesting trajectories (captures and es-
capes) are in that region. Close to the borders of the plots ( w D 180
and 360 deg), there are only trajectorieswith little or no effects from
the swing-by (elliptic-elliptic and hyperbolic-hyperbolic). The an-
gle w also has an in� uence on the de� nition of the type of the orbit.
Following a line of constant Vp (so that all of the parameters are
� xed except w ), note that for w ¼ 180 deg (the spacecraft is be-
tween the primaries), the orbit is initially elliptic. For w ¼ 360 deg
(the spacecraft is at the opposite side of M1 , when viewed from M2 ),
the orbit is initially hyperbolic.

Effects of the Periapsis Distance rp

The effects of the periapsis distance are also very easy to under-
stand. When this parameter decreases, the effects in the maneuver
increase and the area of interesting orbits (captures/escapes) be-
comes larger. Conversely, increasing the periapsis distance makes
the area of trivial trajectories(ellipticto elliptic,hyperbolicto hyper-
bolic, etc.) increase. Several simulations (not shown, to save space)
were performed and con� rmed this prediction.

Effects of the Periapsis Velocity
The velocity at periapsis plays an important role in this maneu-

ver. The limits for this variable come in a very natural way. If values
below a certain lower limit are used, the spacecraft is captured by
M2 and the swing-by does not occur. If values above a certain up-
per limit are used, the D E increases [see Eq. (3)], but the orbit
before and after the maneuver becomes hyperbolic and the families
K, P, and L dominate the plots. These limits change from situa-
tion to situation, but in general they are close to 2.30 in the lower
side and 3.50 in the upper side. For values slightly above the lower
limit, the orbits are usually elliptic before and/or after the maneu-
ver, as they are for the families A, B, J, and I that dominate the
bottom part of the plots. Also note that there is a minimum value
for this velocity that allows a change in the sign of the angular
momentum.

Optimization Problems
The study has an important application for mission designers.

From the plots produced, it is possible to � nd an optimal set of
variables, subject to possible restrictions, to achieve some speci� c
goals. It is usual in missionanalysesto haveproblemssuchas � nding
a swing-by that generates a certain desired trajectory (a posigrade
escape, a retrograde capture, etc.) with the requirement of having
a maximum or minimum in one or more parameters. In particular,
Vp and r p are parameters that may be required to be extremized.
If the goal is to collect data from M2 , it is interesting to minimize
r p (to get closer to M2 ) and Vp (to maximize the duration of the
� yby). Conversely, if M2 represents a risk to the spacecraft due
to the presence of an atmosphere, radiation, etc., it is necessary to
maximize r p and/or Vp , subject to the restriction of obtaining the
desired change in the trajectory.

To use a real case as an example, Fig. 5 shows the plots for
the Earth–moon system with the moon in four possible locations
( m D 0, 90, 180, and 270 deg). All of the comments made in the
precedingsectionsforFigs. 3 and4 applyand arenot repeated.In the
remainderof this section, two examplesof problemsof optimization
are studied.

Problem 1
It is desired to get a trajectory type N (a retrograde escape) in

the Earth–moon system, subject to the constraintr p D 1903 km and
requiring that the velocity at periapsisbe a minimum. By examining
Fig. 5, it is possible to see that the trajectories of type N that have
minimum Vp for each plot are Vp D 2.90 for m D 0 deg, Vp D 2.82
for m D 90 deg, Vp D 2.82 for m D 180 deg, and Vp D 2.86 for
m D 270 deg. Then, any of the trajectories with Vp D 2.82 ( m D 90
or 180 deg) solves the problem. Figure 6 shows the real trajectory
of the spacecraft in the � xed system of reference for the case m D
90 deg.

Problem 2
It is desired to get a trajectory that is a retrogradeellipse after the

swing-by (types E, F, G, and H) in the Earth–moon system, subject
to the constraint r p D 1903 km and requiring that the velocity at
periapsis be a maximum. By examining Fig. 5, it is possible to see
that the trajectories of the types desired that have maximum Vp for
each plot are Vp D 3.26 for m D 0 deg, Vp D 3.14 for m D 90 deg,
Vp D 3.10 for m D 180 deg, and Vp D 3.14 for m D 270 deg.
All of these trajectories are of type F. Then, the trajectory with
Vp D 3.26 ( m D 0 deg) is the solution of the problem. Figure 6
shows the real trajectory of the spacecraft in the � xed system of
reference.

Improvements that can be made in this study include the follow-
ing. 1) More plots can be generated for different values of m to have
more information;and 2) r p can be a free parameterand, in this case,
plots for several values of r p must be generated to � nd the optimal
trajectory.Many other types of optimizationproblemscan be solved
using the method developed. For a given system of primaries, the
eccentricityis � xed but the other four parametersare potentiallyfree
and can be used to improve the performanceof the mission.Systems
of primaries in circularorbitshaveone fewer parameter ( m ), but they
can also bene� t from this technique to solve optimal problems.
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Fig. 6 Trajectories in the Earth–moon system.

Conclusions
The elliptic restricted three-body problem is described and used

to study the swing-by maneuver. Several letter plot graphics are
made to represent the effect of a close approach in the orbit of a
spacecraft. In particular, the effects of the eccentricity of the pri-
maries and the true anomaly of M2 in its trajectory around M1 in
this maneuver are studied. It is shown that (when e D 0.4) a valueof
270 deg for the true anomaly allows captures to occur in the region
180 < w < 360 deg and a value of 180 deg reduces the occurrence
of escapes. It is also shown that the increase of the eccentricity

causes an increase of the size of three classes of orbits (A, I, and K)
and a reduction of the size of all of the other families. For e D 0.8,
these classes dominate exclusively.Families with peculiaritiessuch
as parabolic or zero angular momentum orbits are shown to exist in
the borders between the main families. In general, it is clear that the
eccentricityof the primaries and the true anomaly of the secondary
at the moment of closest approach both play a very important role
in the problem under investigation.A study of the in� uence of the
other parameterswas also performed,and the results showeda close
agreement with the patched-conicprediction. After that, an impor-
tant application of the present study was made to solve problems
that require an extremization of one or more parameters, keeping
restrictions in others. Example problems such as � nding a certain
type of trajectory with � xed r p and that maximizes or minimizes Vp

were solved to show the utilization of the method developed.
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